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Abstract

Balltrees are simple geometric data structures with a wide range of practical applica-
tions to geometric learning tasks. In this report we compare 5 different algorithms for
- constructing balltrees from data. We study the trade-off between construction time and the -
quality of the constructed tree. Two of the algorithms are on-line, two construct the structures
from the data set in a top down fashion, and one uses a bottom up approach. We empirically
study the algorithms on random data drawn from eight different probability distributions
representing smooth, clustered, and curve distributed data in different ambient space dimen-
sions. We find that the bottom up approach usually produces the best trees but has the longest
construction time. The other approaches have uses in specific circumstances.

1 InternationaIComputer Science Institute, Berkeley, CA.
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 Introduction

Many tasks in robotics, vision, speech, and graphics require the construction and manipu-
~ lation of geometric representations. Systems which build these representations by learning
from examples can be both flexible and robust. We have developed a data structure which
- we call the balltree which is well suited to geometric learning tasks. Balltrees tune them-
* selves to the structure of the represented data, support dynamic insertions and deletions,
have good average-case efficiency, deal well with high-dimensional entities, and are easy
to implement. In this report we compare five different algorithms for building these struc-
tures from data. We discuss the trade-off between the efficiency of the construction algo-
~ rithm and the efficxency of the resulting structure. Two of the algorithms are on-line, two
: analyze the data ina top-down fashion, and one analyzes it in a bottom up manner.

~ The balltree structure is related to other hierarchical representations such as k—d trees

[Friedman, et. al., 1977] and oct-trees [Samet, 1984], but has specific advantages in the do-
_ mains of interest. We are applying these structures to representing, learning, and manipu-
- lating point sets, smooth submanifolds, nonlinear mappings, and probability distributions.

- Some of these applications are -described in [Omohundro, 1987, 1988, 1989] in the context

 ofkd trees. The operations that are efficiently supported include nearest neighbor retriev- -

 al, intersection and constraint queries, and probability maximization. The basic construc-
tion techmques described here should be applicable to a wide variety of other hierarchical
- geometric data structures in whlch balls are replaced by boxes, cubes, elhpsoxds, or sim-
phces

Balltrees

We refer to the reglon bounded bya hyper-sphere in the n-dlmenszonal Euchdean space

- K" asaball. We represent balls by the n+1 floating point values which specify the coordi-
nates of its center and the length of its radius. A balltree is a complete binary tree in which

a ball is associated with each node in such a way that an interior node’s ball is the smallest

o ,ywhlch contams the balls of its children. The leaves of the tree hold the information relevant

 to the application; the interior nodes areused only to guide efficient search through the leaf
structures. Unlike the node regions in k-d trees or oct-trees, sibling regions in balltrees are
allowed to mtersect and need not parhtzon the entire space . These two features are cntxcal
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for the applications and give balltrees their representational power. Figure 1 shows an ex-
ample of a two-dimensional balltree.
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Figure 1. A) A set of balls in the plane. B) A binary trae over these balls. C) The balls in
the resulting balltree.

* In this report we study the problem of building a balltree from given leaf balls. Once the
tree structure is specified, the internal balls are determined bottom up from the leaf balls.
We would like to choose the tree structure to most efficiently support the queries needed
* in practical usage. Efficiency will depend both on the distribution of samples and queries
and on the type of retrieval required. We first discuss several important queries and then
describe a cost function which appears to adequately approximate the costs for practical
applications. We then compare five different construction algorithms in terms of both the
cost of the resulting tree and the construction time. The algorithms are compared on sam-
ples drawn from several probability distributions which are meant to be representative of
those that arise in practice.

Implementation

Our implementation is in the object oriented language Eiffel [Meyer, 1989]. There are class-
es for balls, balltrees, and balltree nodes. “BALL” objects consist of a vector “ctr” which
holds the center of the ball and a real value “r* containing the radius. “BLT_ND” objects
consist of a BALL “bl”, and pointers “par, It,rt” to the node’s parents and children. “BALL-
TREE” objects have a pointer “tree” to the underlying tree and a variety other slots to en-
hance retrievals (such as local priority queues and caches). All reported times are in
seconds on a Sun Sparcstation 1 with 16 Megabytes of memory, running Eiffel Version 2.2
from Interactive Software Engineering. Compilation was done with assertion checking off
and garbage collection, global class optimization, and C optimization on. As with any ob-
ject oriented language, there is some extra overhead associated with dynamic dispatching,
but this overhead should affect the diffcrent algorithms similarly.
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Queries which u_sé Simple Pruning

There are two broad classes of query which are efficiently supported by the balltree struc-
ture. The first class employs a search with simple pruning of irrelevant branches. The sec-
~ ond class requires the use of branch and bound during search. This section presents some
simple pruning queries and the next gives examples of the more complex variety.

Given a query ball, we might require a list of all leaf balls which contain the query ball. We
implement this as a recursive search down the balltree in which we prune away recursive
calls at internal nodes whose ball does-not contain the query ball. If an internal node’s ball
doesn’t contain the query ball, it is not possible for any of the leaf balls beneath it to ccmtam
it either. In the balltree node class “BLT_ND” we may define: :

© push_| leaves _containing_ball(b: BALL,I LUST[BLT ND)) is

- - Add the ieaves under Current which comam b to l
do’
if leaf then ‘ '
if bl.contains. ball(b) then . puﬁh(CL:rrent) end
else - .
it bl.contains _ball(b) then '
. Itpush_leaves oontannmg balltb.});
rt.push_| Ieaves oomaamng bali{b,i);
o end - {f
‘end; < -
end'

' Smularly, we might ask- for all leaf balls which intersect a query ball. We prune away re-
cursive calls from internal nodes whose ball doesn’t intersect the query ball.

. push_leaves_intersecting. bali(b:BALLLLLISTIBLT_NDJ) is
g - Add the leaves under Qurrent whichintersect btel
o
ifleafthen -
if blLintersects ball(b) then 1. push(Currem) end
else .
if bl, mtersects.batl(b) then -
It.push_leaves_intersecting_bali(b,);
f.push_leaves mtersecnng_ba))(b l;
end - if )
end; ~if
end,

‘ Finaliy, ‘we might ask for all leaf balls which are contained in the query ball. Here we must _
~ continue to search beneath any internal node whose ball intersects the query ball because
some descendant ball might be contained in it.

push_leaves_contained_in ball(b BALL!LLIST[BLT NDJ is ]

~ Add the leaves under Current which are containedin b o l.

do

" ifleaf then

it b.contains ball{bt) thenl push(Current) end

else

if bl. nntersects _ball(b) then
it.push_leaves_contained in_ball(bl);
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’ rLpush_leaves_contained_in_ball(b,});
end; - it
end; ~ if
end;
A point is just a degenerate ball. Two important special cases of these queries in which
some of the balls are points are the tasks of returning all leaf balls which contain a given
point and returning all point leaves which are contained in a given ball.

Queries which use Branch and Bound

More complex queries require a branch and bound search. An important example for ball-
trees whose leaves hold points is to retrieve the m nearest neighbor points of a query point.
Using balltrees we may use a similar approach to that discussed in [Friedman, et. al., 1977]
for k-d trees. Again we recursively search the tree. Throughout the search we maintain the
smallest ball “bball” centered at the query point which contains the m nearest leaf points
seen in the search so far. In this algorithm we prune away recursive searches which start at
internal nodes whose ball doesn’t intersect the bball. This pruning is likely to happen most
effectively if at each internal node we first search the child which is nearer the query point
and then-the other child. Because balltree nodes can intersect we cannot stop the search
when the bball lies inside node ball as is possible in k-d trees. Because node regions are
tighter around the sample points, however, balltrees may be able to prune nodes in situa-.
tions where a k-d tree could not.

To retrieve the m nearest neighbors we maintain a priority queue of the best leaves seen
ordered by distance from the query point. We will only show the function for finding the
nearest neighbor, but the extension to the m nearest neighbors should be clear.

In this case we assume that nn_search is defined in a class which has “bball” as an attribute
and that its center “bball.ctr” has been set to the query point and its radius “bball.r” to a
large enough value that it contains the root ball. “nn” is another attribute which will hold
the result when the routine returns. “near_dist_to_vector” is a routine in the BALL class
which returns the distance from the closest point in the ball to a given vector.

" nn_search(n.T) is
-~ Replace nn by closest leaf under n to bball.ctr, if closer than bbail.r
focal d,id,rd:REAL;
do
it n.leaf then
d:=bball.ctr.dist_to_vector(n.bl.ctr);
it d < bball.r then bball.set_r(d); nn:=n end; - reset best
else ~ at internal node
id:=n.It bl.near_dist_to_vector{bball.ctr);
rd:=n.n.bl.near_dist_  to_vector(bball.ctr);
if Id > bball.r and rd » bball.r then - no sense looking here
else
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tf ldc*rd then search nearer node first
- nn_searchin.it);
. ifrd < bball.r then nn, _search{n.rt} end - check if still wazth searchmg
else . -
- . nn_search{n.n); ‘ ' :
S iflde bball f then nn search(n It) end; - check if snll worth saarchmg .
- end; - if
end; — if
_end; ~ if
cend; - -

“There are several natural generalizations of this query to ones involving balls. Distance be-
tween points may be replaced by distance between ball centers, minimum distance be-

~ . tween balls, or maximum distance between balls. In each case the minimum di stance to an

" ancestor node is a lower bound on the distance to a Ieaf and 50 may be exactly as above to
, prune the search. ' - :

A query w}uch arises in one of the construchon algorxthms we wﬂl descnbe below must
- return the leaf ball which minimizes the volume of the smallest ball containing it and a que-

ry ball. The search proceeds as above, but with the pruning value equal to the volume of

the smallest ball whxch contams ﬂ\e query ball and a single point of the mtenor node ball.

Stafistibal Naturé'of the Data

The cntenon fora good balltree structure depends on both the type of query it must sup-

_ port and on the nature of the data it must store and access. For most of the applications we
- have in mind, it is appropriate to take a statistical view of the stored data and queries. We
assumne that the leaf balls are drawn randomly from an underlying probability distribution
and that the queries are drawn from the same distribution. We would like systems to per-
form well on average with respect to this underlymg distribution. Unfortunately, we ex-
~pect distributions of very different types in different situations. A very powerful
nonparametric approach to performance analysis has begun to appear (e.g. [Friedman, et. al.
- 1977) and [Noga and Allison, 1985]) which gives provably good results for a wide variety
- of distributions in the asymptotic limit of large sample size. In both of these references the
, underlymg distribution is required to be non-singular and in the large sample limit each
- small region becomes densely sampled and locally looks like a uniform distribution. If an

algorithm behaves well on the uniform distribution and adjusts 1tse1f to the local sample -
density, then it will have good asymptotic performance on non-singular distributions. Un-
- fortunately, some of the most important applications have data of a very different charac-
ter. Instead of being smooth, the data itsclf may be hierarchically clustered or has its
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Figure 2. 101 leaves from the four distribution types. A} Uniform B) Cantor C) Curve D) Uniform balls.

support on lower dimensional surfaces. P’art of the motivation for the development ot the
balltree structure was that it should deal well with these cases.

For any particular statistical model, possibly singular, one may hope to perform an asymp-
totic analysis similar to that in [Friedman, et. al., 1977). Because we are interested in the per-
formance on small data sets for a variety of distributions, we have taken an empirical
approach to comparing the different construction algorithms. We studied each algorithm
in 8 situations corresponding to 4 different probability distributions in 2-dimensions and
similar distributions in 5-dimensions. Samples from the 2-dimensional versions of these
distributions are shown in figure 2, Because the case in which the leaves are actually points
is very important, we have emphasized it in the tests.

The first distribution is the uniform distribution in the unit cube. For the reasons discussed
above, behavior on this should be characteristic of general smooth distributions. For the
second distribution we wanted to study a case with intrinsic hierarchical clustering. We
chose a distribution which is uniform on a fractal, the Cantor set. The one-dimensional
Cantor set may be formed by starting with the unit interval, removing the middle third,
and then recursively repeating the construction on the two portions of the interval which
are left. If points on the interval are expressed in ternary notation, then the Cantor set

~ points are those that have no “1’s” in their representation. In higher dimensions we just
take the product of Cantor sets along each axis. The third distribution is meant to study the
situation in which sample points are restricted to a lower dimensional nonlinear subman-
ifold. We draw points from a polynomial curve which is embedded in such a way that it
doesn'’t lie in any affine subspaces. In the final distribution, the leaves are balls instead of

_just points. The centers are drawn uniformly from the unit cube and the radii uniformly
from the interval [0,.1]. : '
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. The Volume Critfer’ibn -

It zmght appear that these dxfferent dlstﬂbutxons would requlre the use of dxfferent balltree
construction criteria in order to lead to good performance. We have found, however, that
- -a simple efficiency measure is sufficient for most applications. The most basic query is to
return all leaf regions which contain a given point. A natural quantity to cons:der for this

- query is the average number of nodes that must be examined during the processmg of a

uniformly distributed query point. As described above, to process a point, we descend the
tree, pruning away subtrees when their root region does not contain the query point. This
~process, therefore, examines the internal nodes whose regions contain the point and their
~ children. We may minimize the number of nodes examined by minimizing the number of
‘ mtemal balls which contain the  point. Under the uniform distribution, the probability that
a ball will contain a point is prOpOrtional to its volume. We minimize the average query
time by minimizing the total volume of the regions associated with the internal nodes.
~ While this argument does not directly apply to the other distributions, small volume trees
generally adapt themselves to any hierarchical structure in the leaf balls and so maximize
~ the amount of pruning that may occur during any of the searches. We therefore use the to-
~ tal volume of all balls in a balltree as a measure of its quality. All reported ball volumes
~ were actually computed by taking the ball radius to a power equal to the dlmensmn ofthe
- space and so are only proportional to the true volume g

- Unfortunately, it appears to be a difficult optmuzatxon problem to find the bmary tree over

a given set of leaf regions which minimizes the total tree node volume. Instead, we will

compare several heuristic approaches to the construction. The next few sections describe

- the five studied construction algorithms. In each case we give the idea of the algorithmand -
a key Eiffel function for its implementation. 5o as not to obscure the structure, we have
eliminated all housekeeping and bulletproofing code used in the actual implementation.

“ Operations whose 1mplementatlon is stra:ghtforward are not defined, the meamng should
be clear from- context. .

K-d Const'r‘ucti’on Algoritlzm :

. We wﬂl call the simplest algonthm the k-d censtmcﬁon afgorzthm because itis sumlar to the

‘method described in {Friedman, et. al., 1977] for the construction of k-d trees. It is an off-line
top down algorithm. By this we mean that all of the leaf balls must be available before con- -

struction and that the tree is constructed from the root down to the leaves. At each stage

_ the algorithm .splits the leaf balls into 2 sets from which balltrees are. recurswely built.

- These trees become the left and right children of the root node. The balls are split by choos-

ing a dimension and a value and splitting the balls into those whose center has a coordinate

~in the glven dlmensmn whxch is less than the gwen value and those in which it is greater
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The dimension to split on is chosen to be the one in which the balls are most extended and
the splitting value is chosen to be the median. Because median finding is linear in the num-
ber of samples, and there are log N stages, the whole construction is O (NlogN).

Introducing a class whose instances are arrays of balls yields a clean implementation. The
key function is “select_on_coord” which moves the balls around so that the balls associated
with a node are contiguous in the ball array. The entire construction algorithm then looks
very much like quicksort, except that different dimensions are manipulated on different re-
cursive calls.

In the class BALL_ARRAY we define a fairly conventional selection algorithm whose runt-
ime is linear in the length of the range.

select_on coord {c.ki,ul:INTEGER) is
— Move elts araund between li and ui, so that the kth efement ctr
- is »= those below, <= those above, in the coordinate ¢.
local Lu,r,m,i:INTEGER; ts:T;
do

from L=li; us=ul until not (l<u) loop
r == md.integer_mg_rad{i,u); ~ random integer in {l,u]
tim glet(r)' set(r.get()); sat(l.t): - SWap
i
from i:=l+1 until i>u lcop
it get(i).ctr.get{c} < tetr. get(c) then
m=m4+1;
s: -get(m) set{m,get(i)); set(i.s); -- swap
end; - it
ir=iet
end; — loop
s:=get(l); set(l,get{m)); sat{m,s); -- swap
if me=k then I:=m+1end;
if m>=k then u:=m-1 end
end — loop
end;

To actually construct the tree, we initialize a BALL_ARRAY “bls” with the desired leaf
balls. The construction can then proceed in a natural recursive manner:

build_bit_for_range(l w.INTEGER):BLT _ND is
- Builds a bit for the balls in the range [I,u] of bis.
local c,m:INTEGER; bl:BALL
do

if u=1 then — make a leaf
Result.Create; Result.set_bi(bls get(u))

else

 ¢:=bis.most_spread_coord(l,u); m := int_div({l+u).2): bls.select_on_coord(c,m,lu); ~ split left and right
Result.Create; Result.set_lt(build_blt_for_range(l,m)); Resultltset_par(Result); - do leftside -
Result.set_rt{build_bit_for_range{m+1,u)}; Result.n.set_par(Result); - do right side
bl Cffeate(bis .get(0). dlm) bl.to_ bound_balis(Result.lt.bl, Result.n.bl); Result.set_bi{bl); ~ fill in ball

end =i

end,;

The tree that is produced is perfectly balanced, but may not adapt itself well to any hierar-
chical structure in the leaf ba]ls
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' Top Down Construction Algorithm

- The k-d construction algorithm doesn’t explicitly try to minimize the volume of the result-

-ing tree. For uniformly distributed data, it is not hard to see that it should asymptotically

-do a good job. It is natural, however, to think that using an explicit volume minimization
- heuristic to choose the dimension to cut and the value at which to cut it might improve the
performance of the-algorithm. We refer to this approach as the “top down construction al- -
gorithm”. As in the k-d approach we work recursively from the top down. At each stage
we choose the split dimension and the splitting value along that dimension so as to mini-
mize the total volume of the two bounding balls of the two sets of balls. To find this optimal
dimension and split value, we sort the balls along each dimension and construct a cost ar-
ray which gives the cost at each split location. This is filled in by first making a sequential

pass from left to right expanding a test ball to contain each successive entry and inserting -

its volume in the cost array. While the exact volume of the bounding ball of a set of balls
depends on the order in which they are inserted, this approach gives a good approximation
to the actual parent ball volume. Next a sequential pass is made from right to left and the
bounding ball’s volume is added in to the array. In this manner the best dimension and
- split locatzon are found in O (NlogN) time and the whole a]gonthm should take
. O(N(IogN) )

We 1mplement this approach in a similar manner to the k-d approach. The array “cst” is
used to hold the costs of the different cutting locations.-

fillin_est(lu: INTEGER) is
- = Fillin the cost array between I and u. Splms above pt
ocal i; INTEGER
do - -
bl to(bis get(! )).
from i:=f until i>=u loop - do left side
bl.expand_to_ball(bls.get(i});
cst set(i, bi. pvol)
ii=ie1
: end ~Joop:
bl.to(bls.get(u)); :
from i:=tr until <=l loop ~—do nght side
* bl.expand_to_bali(bis.get)}. = info relevant to z—T
cst.sel(i-1 .wtget(:—1}+bl pvel); )
ir=i-1
end; - loop
end S

: The tree construction proceeds by fil hng in the cost array for each of the dxmensxons and
picking the best one to recursively proceed with.

'bu»ld blt_for_range(l.u: INTEG‘ER) BLT_NDis

-~ Builds a bit for the balls in the range [l,u] of bis. ~
©localijem, bdlm blo¢:INTEGER; best:REAL; bl BALL a

- do . .
if usl thén - make a leaf

Result.Create; '

-~ Result, set_bf(bls get(u))
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else
bdim:=0;bloc:«l;
from i:=0 until i=bls.dim loop
bls.sort_on_coord(i,l,u);
fill_in_cst{lu);-
i i=0 then best=cst.get(l) end; — initial value
from j=! until j>=u loop ) :
if cst.get(j<best then best:=cst.get(j); bdim:si; bloc:=j; end;
jmis1
end; - loop
ir=is1
end; - loop )
bls.sort_on_coord{bdim l,u); — sort on best dim
Resuit.Create;
Result.set_lt(build_bit_for_range(l bloc)); Resuit.it.set_par(Rasult);
Result.set_rt(build_bit_for_range(bloc+1,u)); Result.n.set_par(Result);
nbl.Create(bls.dim); nbl.to_bound_balls(Result.it.bl, Result.r.bl}; Resultset_bi(nbl);
end - if : ; :
end;

‘Ony-lvi ne Insertion Algorith'm

The next algorithm builds up the tree incrementally. We will allow a new node N to be-
come the sibling of any node in an existing balltree. The diagram shows the new node N

becoming the sibling of the old node A under the new parent P. The algorithm tries to find
the insertion location which causes the total tree volume to increase by the smallest
amount. In addition to the volume of the new leaf, there are two contributions to the vol-
ume increase: the volume of the new parent node and the amount of volume expansion in
the ancestor balls above it in the trce. As we descend the tree, the total ancestor expansion
almost always increases while the parent volume decreases. As the search for the best in-
sertion location proceeds, we maintain the nodes at the “fringe” of the search in a priority
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~ queue ordered by their ancestor exparisjon. We also keep track of the best insertion point

found so far and the volume expansion it would entail. When the smallest ancestor expan-
sion of any node in the queue is greater than the entire expansion of the best node, the
‘search is terminated. Nodes may be deleted by simply removing them and their parentand
adjusting the volumes of all higher ancestors. Notice that because of the properties of
bounding balls, in rare circumstances the expansion of an ancestor node due to a smaller
~ node may be larger than for a smaller node (this doesn’t happen if boxes are used instead

' 'ef balls).

’ ,The new volume in internal balls that is created by this operation consists of the entire vol-

ume of P plus the amount of expansion created in all the ancestors of P. Choosing the in- -
sertion -point according to the criterion of trying to minimize this new volume leads to
several nice properties. New balls which are large compared to the rest of the tree tend to

‘get put near the top, while small boxes which lie inside of existing balls end up near the

~ bottom. New balls which are far from existing balls also end up near the top. In this way
“the tree structure tends to reflect the clustering structure of leaf balls. -

This routine in the BALLTREE ciass returns a poiriter to the best sibling in the tree. “tb” is
a test ball which is a global attnbute of the class. “frng” is the pnonty queue which holds
the fringe nodes.

best_sib (ni:BLT_ND):BLT_ ND is
- The best sibling node when msemng new leafnl.
- local beost:REAL; - best.cost = node vol + ancestor expansion
t,1f2:BLT_FRNG[BLT_NDJ; - test frmge elements
; done BGOLEAN v.e:REAL; -
do )
© ifree. Vo&d then ‘Result:Void means tree is vo:d
elsa :
frng cir; Lo
B Result -tree ib.1o. bound _balls(tree.bi, ni. bt)
beost:=th.pvol; )
if not Result.leaf then.
- #.Create; t.set_aexp(0.); --no ancestors
. H.set_ndvol(bcost); tf.set’_nd(Resulty;
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fmg.ins(tf); — start out the queue
end; - if
from until img.empty or done loop
tf ;= fmg.pop;— best candidate
if tf.aexp »= beost then — no way to get better than bnd
lsclu::nen = true this is the bound in branch and bound
else
@ :=th.aexp + th.ndvol - th.nd.pvol; ~new ancestor expans
- ¢do left node
th.to_bound_balls(tf.nd.it.bl,nl.bl); v := th.pvol;
if v+@ < beost then beost := v+e; Result := tf.nd.it end;
it not tf.nd It leaf then
t2.Create; ti2.set_aexp(e); #2.set_ndvol(v);
2 set_nd(tf.nd.It); fmg.ins(tf2);
ond; « if
- now do right node
th.to_bound_balis{tf.nd.rt.bl,nl.bi); v := tb.pvol;
if v+e < beost then beost = v+e; Result = tf.nd.rt end;
if not t.nd.rt.leaf then
t2.Create; tf2.set_aexp{e); ti2.set_ndvol{v);
t2.set_nd(tf.nd.rt); fmg.ins(t2);
end; — if
end; — if
ond; ~ loop
fmg.clr;
end; — if
end; — best_sib

Once the sibling of the node is determined, the following routine will create a parent and
insert it and the new leaf into the tree. “repair_parents” recursively ad]usts the bounding
balls in the parents of a node with a changed ball.

ins_at_node (nl,n:BLT_ND}is
— Make nl be n's sibling. n.Void if first node.
i:coal nbl:BALL; npar,nd:BLT _ND;

nl.set_par(npar); — justin case something is there

niset_lt{npar):nl.set_ri{npar);

if tree. Void— if nothing there, just insert nl

then tree = ni;

else
npar.Create; npar.set_par(n.par);
if n.par.Void then tree := npar;~ insert at top
elsif n.par.lt=n then n.par.set_lt{npar}
else n.par.set_rt{npar)
end; - if

 npar.set_li(n); npar.set_rt{ni);

nl.set_par(npar); n.set_par(npar);
nbl.Create(dim); .
nbl.to_bound_balls(nl.bl,n.bl);
npar.set _bi{nbl);
repair_parents(npar);

end; ~ if

end; —~ ins_at_node

To remove a node, we remove its parent and fix up the bounding balls of the ancestors.

‘rem(n Tis
-~ Remove leaf n from the tree. Forget ItS parent
locat np,ns,vdt:BLT_ND;


http:tf2.secnd(tf.nd.rt
http:tf.nd.rt
http:tb.lO_bound_balls(tf.nd.rt.bl.nl.bl
http:tf2.secnd(tf.nd.lt
http:tb.lO_bound_baIls(tf,nd.lt.bI.nl.bl
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do
if n.Void then-- do nothing it empty
elsif n.par.Void then tree.forget - last node in tree
else
np:=n.par,
it n=np.it then ns:=np.n else ns:=np.It end; -- sibling
ns.set_par(np.par);
if np.par.Void then tree:=ns
elsif np.par.lt=np then np.par.set_{t(ns)
‘else np.par.set_ri{ns) end;
np.Forget; n.set_par{np}; - just in case someone asks for it
from np:=ns.par until np.Void loop
np.bl.to_bound_balls(np.lt.blnp.rt.bi}; - adjust balls
np = np.par ,
-end; - loop
n.set_par(vdt);
end; — it
end; — rem

Cheaper On-line Algorithm

We also investigated a cheaper version of the insertion algorithm in which no priority
queue is maintained and only the cheaper of the two child nodes at any point is further ex-
plored. Again the search is terminated when the ancestor expansion exceeds the best total
expansion.

cheap_best_sib (nl:BLT_ND):BLT_ND is
- A cheap guess at the best sibling node for inserting new leaf nl.
local beost:REAL ;- best cost = node vol + ancestor expansion
ae:REAL;~ accumulated ancestor expansion
nd:BLT_ND; done:BOOLEAN, Iv,~v,wv:REAL;
do
-if tree. Void then-- Result. Void means tree is void
else
Result:=tree; tb.to_bound_balls(tree.bl,nl.bl}; wv.=th.pvol;
beost = wv, :
ae:=0.,~ ancestor expansion starts at zero.
from nd.=tree until nd.leaf or done loop
ae:=ae+wv-nd.pvol; - corect for both children
if ae>=bcost then done =true -- can’t do any better
else
tb.to_bound_balls(nd.lt.bl,nl.bl); lv.=th.pvol;
tb.to_bound_balls(nd.rt.bi,nl.bil); rv:=th pvol;
if ag+lve=beost then Result:=nd.lt; bcost:=ae+lv; end;
if ae+rve=beost then Result:=nd.rt; beost.=ae+rv; end;
if v-nd.It pvole=rv-nd.nt.pvol - left expands less
then wv:=lv; nd:=nd.it;
else wv:=rv; nd:=nd.r; end,
end, - if
end; —~ loop
end; ~ if
end; - cheap_best_sib


http:nd:=nd.lt
http:Result:=nd.rt
http:Result:=nd.lt
http:tb.to_bound_balls(nd.".bl.nl.bl
http:tb.to_bound_balls(nd.lt.bl.nl.bl
http:tb.to_bound_balls(tree.bl.nl.bl
http:np.bl.to_bound_balls(np.lt.bl,np.rt.bl
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Bottom Up Construction Algorithm

The bottom up heuristic repeatedly finds the two balls whose bounding ball has the small-
est volume, makes them siblings, and inserts the parent ball back into the pool. In some

- ways this is similar to the Huffman algorithm for finding efficient codes. Here, though, the
cost depends on the combination of the two nodes being combined and so the choice be-
comes more expensive. The simplest, brute-force implementation maintains the current
candidates in an array and on each iteration checks the volume of the bounding ball of each
pair to find the best. A straightforward implementation of this approach requires N passes
most of which are of size O (N2 ), for a total construction time of O-(N").

Improved Bottom Up Algorithm

Two observations allow us to substantially reduce the cost of this algorithm. If each node
kept track of the other node such that the volume of their joint bounding ball was mini-
mized and the volume of that ball, then the node with the minimal stored cost and its
stored mate would be the best pair to join. Secondly, most of the balls keep the same mate
. when a pair is formed and when one’s mate is paired elsewhere the best cost can only in-
crease. As described in the last section, the balltree is an ideal structure for determining
each ball’s best mate. We therefore maintain a dynamic balltree using one of the insertion
algorithms for holding the unfinished pieces of the bottom-up balltree. An initial pass de-
~ termines the best mate for each node. The nodes are kept in a priority queue ordered by the
volume of the bounding ball with their best mate. As the algorithm proceeds some of these
mates will become obsolete, but the best bounding volume can only increase. We therefore
iterate removing the best node from the priority queue and if it has not already been paired,
we recompute its best mate using the insertion balltree. If the recomputed cost is less than
the top of the queue, then we remove it and its mate from the insertion balltree, form a par-
ent node above them, compute the parent’s best mate and reinsert the parent into the in-
sertion balltree and the priority queue. When there is only one node left in the insertion
balltree, the construction is complete. We present the routines for finding the best pair and
for merging them. “pq"” is the priority queue of pending nodes and the variables “b1” and
“b2” will hold the best pair to merge. “has_leaf” tests whether a balltree has a given node
as a leaf. : ' ' ' o

find_best_pairis

-~ Put best two to merge in b1,b2, and remove from pq and blt,
local done:BOOLEAN; btm:BLT_FPND
d°b1 .Forget; b2 Forget;
from-untit done loop :
glgg.empty then done:=true -- returns Void when done

btm ;= pq.pop; - .
if bit has_leafibtm) then - if not there then keep on
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bit.rem{btm};— take it out of the tree
btm.set_bvol{blt.best_vol_to_ball(btm.bl)); --recomp
if pa.empty or else

btm.bvol <= pq.top.bvol then done:=true

olse .
pa.ins(btm); bit.cheap_ins(btm); - try again
end; — i
end; - if
end; — if
end; — loop
it not btm.Void then
b1:=btm; b2:=blt.best_node_to_ball{b1.bl); bit.rem{b2);
end; — if ‘
end;

merge_best_pair is
- Combine the best two, replace combo in pq and bit.
local bn:BLT_ND; bl:BALL; vbi:BLT_FPND
do
if (not b1.Void) and {(not b2.Void) then
bn.Create;

-bn.set_lt{b1.tree); bn.lt.set_par(bn);
bn.set_ri{b2.tree); bn.r.set_par(bn);
bl.Create{bit.dim); bl.to_bound_balls(bn.It.bl,bn.r.bi);
bri.set_bl(bl); b1.Create;
bi.set_tree(bn); bi.set_bi(bl); -- never resize so can share
bi.set_bvol(bit.best_vol_to_bali{bl}};
pq.ins(b1); bit.cheap_ins(b1);
bi:=vbl; b2:=vbi;

end; ~ if
end;

The figures compare the construction time of the brute force approach against the algorith-
mic one for uniform data in 2, 5, and 10 dimensions and show that the speedup is substan-
tial.


http:bl.to_bound_balls(bn.lt.bl.bn.n.bl
http:b2:=blt.besl_node_to_ball(b1.bl
http:btm.seLbvol(blt.besLvoUo_ball(btm.bl
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Construction Data

* In this section we present the experimental results giving the volume of the constructed
balltree and the construction time as a function of the number of leaves for each of the al-
“gorithms and each of the distributions discussed above. In each graph a different dashing

pattern is used to denote each of the algorithms. The first figures label the curves and the '

usage is the same in the others.
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Let us now discuss this data. The rankings of the different algorithms for cost of construc-
tion were almost identical in all the tests. The bottom up algorithm was virtually always
the most expensive (being eclipsed only occasionally by the top down algorithm). This is
perhaps to be expected since it must use one of the others during its construction. The k-d
algorithm in each case had the smallest construction time followed closely by the cheap in-
sertion algorithm. It is heartening that in each case the cost appears to be growing only
slightly faster than linear (with the possible exception of the top down algorithm).

The bottom up algorithm consistently produced the best trees followed closely by the in-
sertion algorithm. The k-4 algorithm did very well on the uniform data (as expected) but
rather poorly on the curve and Cantor data. In the next section we will see that this is be-
cause it doesn‘t adapt well to any small-scale structure in the data. On the uniform data,
the top-down algorithm was the worst, followed by the cheap insertion algorithm. It is per-
haps surprising that the top-down approach did worse than the k-d approach on the uni-
form data. The top-down approach appears very sensitive to the exact structure of the data
as evidenced by the wild fluctuations in tree quality. It appears that it must make choices
which affect the whole structure and quality of the tree before their true impact is clear. All
of the algorithms did quite well on the curve data, particularly in 5 dimensions.

Conclusions

To give further insight into the nature of the trees constructed, figure 23 shows the interior
balls and tree structure produced by the fivealgorithms on 30 Cantor distributed pointsin
the plane. The k-d algorithm blindly slices the points in half taking no account of the hier-
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archical structure. This allows it to produce a perfectly balanced tree but at the expense of

~_missing the structure in the data. The two insertion algorithms produced exactly the same-
tree in this case: It appears to have early on made a decision which forced the final tree to
~have a very large ball near the root. This is typical of the cost of using an on-line algorithm.
" The top-down and bottom up algonthms found very similar trees of essenhally equi valent

quahty

In conc}usxon, if the data is smooth and there is lots of it, the k-d approach is fastand simple
and has much to recommend it. If the data is clustered or sparse or has extra structure, the
k-d approach tends not to reflect that structure in its hierarchy. The bottom up approach in
- all cases does an'excellent job at. fmdmg any structure and aside from its construction cost
is the preferred approach. In situations where on-line insertion is necessary, the full inser-
~ tion algorithm approaches the bottom up algorithm in quality. The cheaper insertion ap- -
proach does significantly worse but leads to construction times nearing those of the k-d
approach. A balltree constructed by any means may be further modified using the inser-
tion or cheaper i msernon algonthms
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