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(or ABSTRACT 	 Lion ;,. tlt,," givcn I.y , : R -+ b'(3), t.... as 1\ path in \.lIe " ......ear­
We WI" IIOme idea.~ rrolll the thcory or i,i(' groups and t.ie algebraa ",,,tion grolill. III fad, , ddincs a l-parm"..l.cr fnnlily of Lranllform.. 

too fttlldy th.. I.roblrm or recovering rigid motion rrom a timl>-varying !.iOllB. Sincr we are intera<ted only ill IIlIIall ch:mgcil rrom I.I,e c:urrcot 
picture. We are able \0 avoid the problem of linding corresponding atate, we take ,(0) = I, LlI<' idenLity in I!.X3) (we could I.ave done \his 
points by considering only what Qn be determined rrom picture point anyway by UlIillg Lh" group strucLure too trRn81ate blu:k too LI.e Iden. 
values and their Urne derivatives. Wc do not assume that we can track LiLy).•'or "cry t, " gives a rigid IDOtion of R'. IlinC'.C! W<' arc idcnlU,. 

110­individual poin'" in I.he image, nor I.bat we arc given lilly of their ing 8(3) with ti,e rigid lIIotioll8 or a', i.e. ,(t): as --t as. Kach 
yelocif.ics (i.e.• the optic flow). Among our re!lults arc: point or at is carried along with \.his motion. and dCIICribes II pat.h 

Thr 6 polot dJ IdI. tbeorem, ahowing Umt genrric:ally·" the in as (ddined by 7,(t) = (7(t))(p), Jl E a l ). In parl.icular. "cry 
19id valuCll or dJ lilt at Ii points or the monochrome image / arc neccssary 	 point or our Burfal!(' or iIlLem<t.• embedded in at, lIas such a path. 
:1Ut­Blld sufficient \0 speciry th" lIIotioll or a given object. Now nl.,.ly the imaging ,.roj.",tion, nnd restrict aLLention only \0 \.he 

The 2-eolor theorem for optie Dow, whir,h states that I.he optic visihle Burf...." or the embt,dded· ohject. By COlli IlO>litiOIl, thi" le:lds 
now vector is uniquely specified at a generic poinL or the image if Lhere \0 Ii pntb througla each poinL Lhat gela hit ill tlar image. (defined by 

ltbm are 2 or more color dimensions. 7,(t) = ",((-nt))(,,)). liE M'). Now collsider only a flingle t.ime. t = O. 
le<:­ Also. we get \.he color vcr8ion of the 6 point \.hoorem, the I colon. The sLructure we have prceented \.hus fafis lIummarised in Fig. (now). 

a polota corollary, which redueeB ibe number or points required to 
3, if th...re are at least 2 oolor dimenllionll. '(RS -4 RS 	 ,- ­and I INTRODUCTION 

1IIle­ For the past several years, many r,*,archers bave been investigat.­ U 	~ -,~ II ...(.)~ •• " 
~S .. n ing problems of moving objects and obscrvCfs (sec e.g., IT....i and lIuang MS E MS 

198-1), II'r,nelllY 1983), [NlIgel 1983), IlJorn andSchunck 198O}. IBruBS 

and 1I0rn 19R3).IUllmall 19791). A convcn\.i(>nal paradigm is too oonllider 00 


,Sid :I lIubproblems: finding Llle op\.ic now in the image, Ulen computing 3-
81 op­ ·t t·8t1dimensional nlotion. I<'indillg t.hc optic IIow in monochrome images by

and point tracking is. however, d"gellerate except ror special points, jusL 811 

for \.he point matehing problem Imic"er 198:i, Ulicher 198-1}. E.g. at a MI ~7" ¥\MIlIingle point, the image runction and its time derivaLivc tell WI nothing
1ty RftabouL motion perpendicular \.0 Lhe gradient or the illlage runction. J1!1"­Z23 We OOIl..ider a rigid objt.~t undergoing an arbitrary mo\.ion in 


llpace. Our data is a iimc-varying image, i.e. a map / : I X M' ­ U );1 U ~ R", wJ,cre I is a t.ime interval, M' ill aome 2-dimensional manifoJd, /;,))",
lon IlpeciRcally Lhe image plane, IIIld ft is t.he nomber of independent eolor Kl ,;- K.

:a1 
 dimensionll; ft = I for monocJ.rome pictures. We concern oUl'IIClves 

14) 
 "ere wiL" Lh .. ,,,oblelll or finding ..he motion of ..he object, part.ieularlJ, 


how lIIuch dnt.a is necellll'lfY and sufficient.. 1t-'lLher than make _ump­ Fig. (*') Fig. (now) 

Liolll' aOOut lirs\. finding point eorrC!!pofldcnccs or optic now, we eon­


,on !lider Lhe filII siLunLion 01' a iliaI' rrolll LIa" rigid nloLion group \0 the I~ach such path in the picLure has a velociLy vec\or, and each 
n­ tim...v,,,yillg iflll'l\" (but only for LI,,, inLerior of a ftingle ohjcct), and point in the image has 1\ path, 80 there ill a vcc\.orlirld defined on \.he 

we devclop tb" dilTercllUnl Lhcory, b,...cd 011 Lhe dat.a or tI,e picture and image. Thi.. is usually called the opti~ flow, buL it ill more consist.cnL 
its tim" d"rivativc. wiLh· mathematical terminology \0 QII its integrnl. i.e. tbe paths in 

We regret I.hnt "p"",e limiLntiolll' preclude defining mathematical the image, Lhe Of,Lic fl-. We will I'C9C1've I.he term optic fl- ror 
termll. A ruller ,'fCSCntation, 11>1 well all 1Il0re extensive rerereileeB, can Lhis integral, i.e. Lhe mnp 'Pt : U ..... R' which specifiC!! I.he paths 01' 

ge 

n­..' be roulld in [Ulicher 19&1}. 	 correspunding points in the picLure with initial points in the region U. 
while using optie vetocitl/ field or opti~ wdor field for it.~ instantaneous n ~Tn~f!lATJCAL STRUCTURE 
velociLies, I.hc vcc\ors rl!ptldJ.. Similarly. \.lIe paths in R S define a vectoorThe lIii.llal.ion is that of Jo'ig. (_'), JUII\. all ill [Ulich"r 1983), execpt. 
field on RS, and \.he path" in E(3) defines a tang""t vec\or at \.he now the naLufC ur Ule tr:Ulllrorlllation fI will be paramount. 
idellLi~1 in 8(3).W., :vc int.c'mlt.c,.j ill rigid muLion.. fll R 3 , 110 fI E Il.X3). &he 

The available data, how"er, ill not. \.he optic now or vec\or field,";udid":U1 (rigid IIIc.Lion) group of U~. Tit., !.in'" eyoluUon of \.he mOo 
but th" Lillie-varying picLure function Ie wllicb ill jusL ~bc projedioo 01 
U.... inLrinsic Ilurrac:c runcLion F, wbicb 'We _me is earricd along wit.b-Thla _k .......ppott.ed III , ...L bJ DARPA _LraeLo NOII03'-82-C-0250 and 


NOII03.....-c-II2I1. t.he moLion, i.e. we neglecL changcs in I due purely too pbo\omclric 
··Pre.:nL tIIld..-: Thillkl"l Machin.., Camb,'ldIC•• M-. elfr.ela, BUCIa all llpecular reflection. Since we are eollllidcrin, only &hen 

dilTcrentil\l tbeory, we I't!ga.rd our data all &elling .... only \he Ioebn­- _.A ff!'At:ric .........r\.)' .. _ .....1..1> .. are for .. ..,pied """!I"'nL or II "'''''''', I.e for .. 

ft" de_ "".L or !.he ..._. ".....loP. pope,__ I-Me \.hla t.o ""'........ _n dena talleous value /0. and all t.he time deriYat.iva at , = O. This is a.he 

..."""1.. Sec- IllIi,J"" "84) for II dn..ufllllon or pnerldLJ. Mme all knowing tbe T.,1or IICries ror It. We win only _ \.he la\ 
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dcriv"Live. AL a poinL , or !.he Image, eall !.hI' optic Row ncl.or •. 
Theil in " fromt' wil.h veloclL.\' " al. ,. In the 1mAfte , I. doao noL apfK'1!oI 
'" dUlIIgcj Lhe opLic now ~pet.ifiCII U,,, 1I10Lion or ('.or"""polldillg pointe. 
Tbll~ ir we leave LI,,' rrAme fixed, we lICe I.haL 

~ It(,) = -D..U,X,) = -v· V/,(p). 

where I).. mClln .. diffl'rellLinLioll b, "he yedor v. C'quivalenL Lo " • V. 
(Thill iI'I wdl-knowlI ill the ('.onLuL or ",ILic now; "'~ I'.p;. Illorn and 
Sehullc.lt 10110), InllUllrd "lid UrowlI 10112].) 1':qu3Lioll (o) 1IhoW!! bow 
il. ill LI,aL WI.' ollly have ImrLin' illrUnn3LiulI nbollL l': WI' only know 
\ rOlllllOllcnL. W,' I!l\ll iffi"",.lh,l.r.ly IM'C. aiKO. thaL ir I hnd mulLiple 
dillll',,,,iOl,a, i.c. ir Lh..,c we.e nlOr" Llmll I colo. e!i.... ·n"ion. we wOllld 
Imv" inrorm"Lion nlKII'\. ",,,ILipl,, """'IIO"""i.ft, 1'111\ ......oule! bc ulliqudy 
d,·\.('rlll ;"cd ror Ilelleric I. 1'hi~ .. Lhe ,IHT..reIlLi,,1 nrlli..11 or Lhc 2-<:010r 
I.h.",,,·11\ w .. Imv" prov"d carli .. r IlIIiell." 11111:1, llIil'.hrr 19111].•'illding 
opLic now, lik,· lIla\.ehillll. iI! lIIueh e'IIIier wiLh "olor. W" fo"",,lile Lhis 
in 

Theorem, (2....'or Lhrerrlll ror ol,L,I'. lI..w) .""r a Jl<'nrric Lilll(,­

varyin~ i","I:<' rundi,," Ie : M2 - R", LI,,' ""L;r. IIow VCCLor i.. uniquely 
"(K.... m.,.1 al. "1l,·IIt·ric 1",iIlL (lr LlI" ill"II;" ir n ~ 2, i.r. r... 2 or 1II0re 
(":UIUf .HuumMioulJ. 

Whl'lI we lix t 0, each Kide or "'lllaLioll (.) ;,. ju,.t. n "",nbcr. 110 

ror cadi,. Wt· lulV~ a "'''1' /J.(JXp) : t! ..... a real numb,·r. Wr have tbus 
ddilll~l a "Lring or liJl("~' nlnppillgs (II.J. 8Land. ror lIedor /ield, ",6. for 
"eeto. bundle): 

tang.nl ".etor on £(3) .... II,b . ••dwn on obj.ct .... 

•.J. on image H vector ot p .... real nUnUer 

(We PlllsL COIII.idl'r ..ctWn.ll or a y~l.or " .."dle 011 Lhr object raLller 
Limn vr«:l.or /ield.. (III'CLioIlS or Lhe t.ml~clI\. 1"",,11,,) hcc.aull(' Lhe VCCLoI'tI 
we arc inLercsLcd ill are tan~ellt. VI'I'Lora Lo ImL". in R 3 !lOing t.hrough 
poiflt.~ or Lhe objecL. Since Lhe paLhs g,,"cmlly do noL lie in Ute object, 
"heir \.:m~e,,\. YCCLors """,I .. '\. be ill the Langent. Sp!\CC or Lhe object, but 
rnLItN ar" merely l.a"!!;",,L v('(:LoI1'l in R'.) 

Th" I.ie AIJl<'hm D or Il I.i .. IlroUI' r. i8 a v('(:i.or .."nee which can 
t.., id('"l.ilied wiLh !.he 1..:UlgellL Rpace or G 'aL 1.1.. , itlenLiL,. E(3) is a 
Lie group. and thererore associaLcd witb it is the Lie algebra r{3}; and 
1Iince E(3) is a 6-dimensional manifold, e(3) is a S.dimensional yecLor 
.. pace. Tbe tangenL vcdor ,.'(0), wbich is the insLantaneous motion. 
can Lhererore br. Lhoughl. or as an clement. or I.he J.ie algebra r(3). 

We can tlo Lhis ror every pal.h ,., hence r9r every elemenL or t(3). 
giving us a homomorphism from tobe Lic algebra e(3) Lo IICCLiona of 
the yecl.or bundle on tohe object, and likewise again 1.0 II Lie algebra 
or vccl.or fields on !.he image or the objecL in the image plane. Tbe 
composition or Lhese is a ),ie al~ebra homomorphism. The eequence of 
linear maps can tberefore be wriLten 

Lie algebra t(3) - v.6. ..ctiom on object ­

•.J.'. on image - ••doro 0' p - ,eal numlle•• 

This defines a map t(3) - R,:i.e. an clemenL or r"(3), the dual of «(3). 
Now we have enough machinery 1.0 attack eome questions. The 

first. quesLion is wbeLher Lhere is enough informnLion in df /tIt Lo 
uniquely 8pecir, the instantaneous motion, ror generic I. The inst.an­
taneous motion ill an element or r(3). A!.l we jusL saw. for each point p of 
Lhe image, the geometr, defines an elemell\. or r"(3). The quesLion tohen 
becomes whether we can 1Ipan all or c"(3) by ranging oyer all pointe 
or the image. for knowing Lhe value or applying a dual basis in r"(3} 
uniquely 1Ipccilies I.he ~riginal yecLor in r(.3). r·(3) is 6-dimensional. eo if 
tohill is pD1ISible, it is pD1ISibie for 6 pointe corresponding Lo a dual bll1lia. 
Thill dOClln'L 1IIl)' anyLhing ycL about. finding I.he 1Ihape or potIition or 
I.he object; we only want Lo know whether we can recover !.he motion 
ror fIXed 1Ihape and position. 

Theorem (6 poinl. df/tIt theorem). Let 

I:IXU-R 
(t,p) H I(t, 1') 

be a time-...arying pid.urc for eome iime inLerval I around 0, and BOrne 

neighborhood U III I.he ImllCe pilUle or ~Iar '\faluCII or the IIIIIIIilll 
projcdioll or ""01(' 2·<llmen"iollal olljed (i.e. a 2-m,~,,;rohl) "mbedded 
III R I. If ICIIIIICI'I rrolll Lh" proj('('.Lion nI' n R"ncric illtrillsic rUlidlon on 
an objecL un,lrrgo;ng rillid 11101.1011 in R', "hN' the VAl",," or ai/at (0,,) 
aL II lIelleric (Klilli.ft ,. E U ar(' "':ttIII<l~r'l\lUl ....md"n!. Lo ulli'IUI·I,"I>«ir, 
1.1", in"LnnLan" .. "~ 1II0L;Oll or LI,,, objceL. 

Proor. We ..." ill drr«:\. ... c.lllllr;"1l Lh.. opl.ic vcl".. i!., ndd wiLt! 
our illllll;<' rllncl.ioll, I.h;" ;.. what ClqllnLion (0) MY". "0 1M, "ble Lo &.c!1I 
I.h" difference bcLwC('n dirT.,r"n!. elellll'lli.ft of t(:I), i.e. diffl'.enL moLion_, 
Lhe OIl\ppin~ rron, t(3) Lo velociLy lid.... 011 LI.e ,.icLure III""\. bc 1·1. 
Sin< . ., th" 1II11(".illll ill a vcc,"". ,,(,oce hl"non'or"l,i"III, Lh.... LI.e lllUne 
8ft Myjl\~ it 11l1li ,.0 (nonLdvinl) kCfllrl. TIl<' hOIllOIllO'l.II."1I e(3) _ 
v.6. •atwna on nlljut 10"" no kernel. IK'Gu_ Ally krrllrl WII"ld bve 
Lh.. ,,"Lirl' ohjecL lixrd. bill. a ri~id " ...Lioll ..r n 3 r:n .. kiWI' "I. mO!l\. 
1\ lillr 1i".~1. H.. c(:I) i..~ ",nlllx,,1 1·1 "0 .....Li..n~ or 1"""lk·" "" Lt!e 
ohj,:eL. Now ..... IIIU~t "how LhaL U... I ... "w, or 1.111' 1.."nmll....,hi..,ln 
•.". Itdian. 011 nbjcct - II./.·ot 0 .. image d ... "",,'\. ('.ont;,i" ,ul,th"'1l tlmt 
corn,,,, rrolll LlII' previous nll.p rro", r(:\). The ""r,,'" or 1.1... ctlrrenL map 
is jU"\. the ...,diolls wh""" vedors lie "Ionr: Lhr myM or Ilfojl'dion Lo 
th" pi<.Lurc. .'or orthogona' "rojection, vrrt.ic",1 Lrl\n.. laLion would or 
course be ill this keruel, buL """ nrc ...... '"ninll a Ilroj,,,,,Uvc projedioll, 
i.e. Lim" the rays nil mcc\. aL 1\ poinL; ror a pla"arretina thill ill Lhe 
usual perKpcd;v,· proj(!(:Lion. ., 

,r--: ....0 

0~ 
I 
I 

Fig. (yecLor fields) Fig. (kernel-rays) 

We have Lo IIhow thaL allY "uclt 1II0Lion, wh.,.~ IlOilll.'I move only 
along ,aYM, emlllot ('.0111" rro1ll a rigid 1II0tioo. ThiK iK co.")' 1.0 IlL"'; take 
3 IlOinte a. b." on "he objed noL all on the sallie line in R'. Since 
a rigid motion of R3 can only leave a 1Iingle linc AXil! (or no"Mng) 
Ii"rd, at !ca..L t or th" poinl.H nlll~L move, t!a)' a. Ir a mov,,", dow" 
(I.oward the illla~" plane), b mllsL move up, t.<, kccp Ll.eiT disLance 
c:onl<LallL fri!!;id 1II0Lioll). Silll'.c b ill movillJ: uP. " mu~L moye down. 
lluL tI",,, G alld " nrC' .....1.10 movi"ll down ane! LI,.,."forr lIarrowill~ t.heir 
distance, lIbowing Lhat. the moLion cannot be II ri~id moLion. ,i.e. ibe 
kerud or lI.b. udian.ll on objul - ....J. '. on image is 1I0t in the image 
or r(3) _ v.b.••dion' on object (except ror 0, or cou.se). So we know 
I.hat the colllposiLioll t(3) - fl.l. '. onimagt ha., no kcrncl, Le. is 1-1. 
This means that every rigid motion gives a unique optic velocity field. 
and Lhe yecl.or space or such fields is 6-dimeIl.9ional. 

Fig. (3 pointe) Fig. (3 6bcnt) 
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Aciually, W" IIllowed mOlT "'an "'at. We ahowed "'at a ~nerlc 
",'!Dr 3 poin'" cannot a\.8y fixed in "'e image-we didn't nen have to 

lI~ider t.he whole vccLor ficld. TIK- ad or vcctono at 3 /lUcb polnLa In 
:;:" imRgC nlake up a 6-dimen ..icmal vccLor IIpMe, 110 what WI:' ahowed II 
,hIlL tJte nlal' c(3) - fledor. !If , ""en ,oint. in ima,t bill! hO kernel, 

l.e. 	ill 1·1. 
Thal nlC~ans that Lo apeelr, a mot.ion, i.e. an element. or c(3), we 

IIIIly have Lo figure out Lhe Ol'UI: ¥elocily vccLots at 3 poinLa. A ~neric 
rUlldion. via equation (.), wi'" Q1II 1 compont.'tlt of each or Lhe vccLors 
(by ltcneridty, Lh.. gradient .. noRlero at. all 3 poilltll). If we bad 2 
"rlleric functions, lhen we could rerover both components or eacb of 
Lht' 3 v('Ctots by u"ing equalion (.) for boLh function.. (generiCAlly, Lhe 
t:r..diellts will be lillearly indep<'ndenl. i.e. in dilTerent dircctiona at Lhe 
3 pojllt..~). I'nrellthriically, we h...e just proved 

Corollary (2 ~olol1l. 3 poin\t<).•'or generic: / t.aking values in 2 or 
mnr .. culor dilllenKiolls, the valuCII of tlf liJl (0, plat 3 noncollincar poinLa 
r ( II arc nerC8llary alld auRicirnt Lo uniquely spedfy tire insLanLaneous 
m"Uon of LlII' obj"d. 

Now wc /JIust show that. 1 com!,onent at each of 6 IKlinb ill as good 
Ill' 2 wmpo~l!nb at each of 3 point..... We BBW earlier t.hat d,/ definCII 
all clement of 1"(3). Thus Lhe geometry define a map T'R' - t'(3). 
Whatwc saw e:"lier ill 

Lemma (3 tiller lemma). If we choOll(' 3 generir. IKlints in R', and 
2 lill"arly ind"I'l'ndellt eovceLon< in each liber avel thOlOe points, the 6 
rc;<ulting poillts of '''R2 arc mapped to a IIpanlling set in c'(3). 

What We will now show L. Lhat we can choO/lC lin" 6 generic points 
ill ,"n2 , i.e. 6 ,enerie poillts In ..he image, and 6 generic vllluCII of til 
3L Ulose poi.!lts (i.e. a generic J). Tllis is prcLty ca."', by making use 
of the 3 lib"r lemma. Thc Ic!mma still al'l.lies for any neighborhood 
of R2, i.e. we C..II cho,lOIC t.lre 3 points arbitrarily el""" togcLher. This 
gives U9 

I,emma (lorJ.1 "'Inulling). Every neighborhood of every point in 
T'n2 r~nt"iIlH 6 ,iIli,,"" which arr 111"111",<1 Lo Ii lI,mllllillg sct ill c'(3). 

Proor. Cho""" " point .... d neighborhood ill T·n2 • It. projects Lo 
a lleighborhoocl of nz, in which we can chOOOl<' 3 generic poillLa. We 
an then choose 6 points in T'R', 2 to a fiber, by the 3 fiber Ic!mma. 
QI~O (I(l('.al spanning). 

--l---............'--- .... 


ICD
II 

Fig. (local epanning) Fig. (6 points) 

Now we can IICC what happens when We choose 6 poinLa In "'e 
image. d,/ givffi U" II poin"" In T'R2. We can pert.urb thCRC points to 
guarallte(, tlmt tI/ '0 O. Now Nnce every n<:ighhorhooti of each point 
lIIafl~ tu ,. spallllillg lid of t'(3) (I(l('.al .."mining 1"'III"a), WI! c:...n always 
,,,,rLur!. I.h,· ..1.1. I~,int ,.n that it j" 11I""I'"d Ion ",mll'tlrillg ou""i"" I.he 
III"'" or Ule lir"t n - - I JlOillL~ (al .. " ..~t through n = 8, a"yway). "hi. 
givcs ;'IK,rLmlmtioll of t.h" 6 pointK which ma,IM Lo a !01',mnillg 1OCt.. Since 
"p:lIming *,1.. ar.. 01""', thCll<' poi"tK will atill 81'nll under 8uHicienLly 
lillian ,lCrturbat.ioll. (I" general, one lIIigt.t. lIC~d n perturbat.ion of both 
I.he IomtioJ/ of I.he pointK and of f to guarantcc a apanning IICI.. The 
d,,!!:enerate ait.uation oer:UrR when Ule optic velocity vccLor ill in ~e 
direction of con"tanL /.) QEDI 

m AFTEllWORD 
ny virtue of the Ioral 8panning IemlOa and the 3 Iibcr lemma, our 

J'C81111..~ arc local, i.e. Lhey bold in an arbitrarily 810all ncighborhood­
",nerically every neighborhood ha.~ 6 poinLa yielding IIUfficient. data. 
Thift ill aignirlc.anl. bccaUIIC il. implies t.11.... an catimat.e of "'e moUon 
tall be oltLaiJloo rrolll IUly neighborhood. In practju, of eoUJIIC, UIIillg a 
very Illnal/neighborl",,,d would Irad to a very bad .... tjmat.c. One would 
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ral.her UII(' many poillb ov"r a Illtge region to obtain a IcIlllL lquafUI 
CIItimat.c. nnl. the Iocnlncl<.~ lIlellne that r.<UmaLrs tan be! made OVer a 
range or ftcaleR, aud th"t a l)roced~lu' for IOCglllenLatiol' bllllCcI on local 
aJtilOat.c!l iM writ-founded. 
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